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THE INTRINSIC STABLE NORMAL CONE
MARC LEVINE
Abstract. We construct an analog of the intrinsic normal cone of
Behrend-Fantechi [3] in the setting of motivic stable homotopy theory.
A perfect obstruction theory gives rise to a virtual fundamental class in
E-cohomology for any cohomology theory E ; this includes the oriented
Chow groups of Barge-Morel [2] and Fasel [5].
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Introduction
The various versions of modern enumerative geometry, including Gromov-
Witten theory and Donaldson-Thomas theory, are based on two important
constructions due to Behrend and Fantechi [3]. The first is the construction
of the intrinsic normal cone CZ of a Deligne-Mumford stack Z over some
base-scheme B. The second, based on the first, is the virtual fundamental
class [Z, [φ]]vir ∈ CHr(Z) associated to a perfect obstruction theory [φ] :
E• → LZ/B on Z, with r the virtual rank of E•. In case r = 0 and Z is
proper over a field k, one has the numerical invariant degk[Z, [φ]]
vir; more
generally, one can cut down [Z, [φ]]vir to dimension zero by taking so-called
descendents, and then taking the degree of the resulting 0-cycle.
Recall that a perfect obstruction theory on Z is given by a map [φ] : E• →
LZ/B in D
perf(Z) such that E• is locally represented on Z by a two-term
complex F1 → F0 in degrees 0, 1 (we use homological notation) and such
that the map [φ] induces an isomorphism on the sheaf h0 and a surjection
on h1.
In case [φ] admits a global resolution (F1 → F0) → LZ/B, the virtual
fundamental class is defined by embedding CZ in the quotient stack [F
1/F 0]
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(F i := F∨i ), pulling back CZ via the quotient map F
1 → [F 1/F 0], which
gives the subcone C(F•) ⊂ F
1, and then intersecting with the zero-section:
[Z, [φ]]vir := s∗0([C(F•)]).
Here [C(F•)] is the fundamental class associated to the closed subscheme
C(F•) of F
1. If one wishes to extend this type of construction to more
general cohomology theories, there may be a problem in even defining the
fundamental class [C(F•)]. For instance, in algebraic cobordism Ω∗, funda-
mental classes of arbitrary schemes do not exist [8, §3].
The main point of this paper is to reinterpret the constructions of the
intrinsic normal cone, its fundamental class, and the virtual fundamental
class associated to a perfect obstruction theory in the setting of motivic
homotopy theory. Rather than taking a DM or Artin stack as our basic
object, we work in the G-equivariant setting, following the current state of
affairs in motivic stable homotopy theory. We will assume that G is tame
in the sense of [6]; this includes the case of finite e´tale group schemes of
order prime to all residue characteristics, or reductive group schemes in
characteristic zero. For the full theory, we will also need to assume that the
base-scheme B is affine and the G-scheme Z carrying the perfect obstruction
theory is G-quasi-projective over B, in other words, there is a equivariant
locally closed immersion Z →֒ PB(F) for some locally free coherent sheaf F
on B, with G-action.
In spite of these restrictions, we gain a great deal of generality. We con-
struct an “intrinsic stable normal cone” CstZ for each G-quasi-projective B-
scheme Z, with CstZ defined as an object in the equivariant motivic stable
homotopy category SHG(B). CstZ carries a fundamental class [C
st
Z ] in co-
homotopy S0,0B (C
st
Z ). Moreover, for a perfect obstruction theory [φ] : E• →
LZ/B on Z, we construct a virtual fundamental class
[Z, [φ]]vir ∈ S0,0B (πZ!(Σ
E∨• (1Z))).
Here ΣE
∨
• is the “Thom space operator” on SHG(Z) associated to E• ∈
DperfG (Z) and πZ! : SH
G(Z)→ SHG(B) is the exceptional pushforward asso-
ciated to the structure morphism πZ : Z → B.
If E ∈ SHG(B) is a ring spectrum with unit map ǫE : SB → E , applying
ǫE to [C
st
Z ] or [Z, [φ]]
vir gives us elements
[CstZ ]E ∈ E
0,0(CstZ );
[Z, [φ]]virE ∈ E
0,0(πZ!(Σ
E∨• (1Z))).
For simplicity, we take G = {Id}. If we take E = HZ, the spectrum
representing motivic cohomology, then, suitably interpreted, these classes
reduce to the classes defined by Behrend-Fantechi. More generally, if E is
orientable, then we can identify the groups E0,0(CstZ ) and E
0,0(πZ!(Σ
E∨• (1Z)))
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as Borel-Moore E-homology, giving classes
[CstZ ]E ∈ E
B.M.
2dM ,dM
(CZ⊂M));
[Z, [φ]]virE ∈ E
B.M.
2r,r (Z).
Here CZ⊂M is the normal cone of Z for a given closed immersion i : Z →M
withM smooth over B, dM is the dimension ofM over B (which is the same
as the dimension of CZ⊂M over B) and r is the virtual rank of E•. Besides
motivic cohomology, this includes such oriented theories such as (homotopy
invariant) algebraic K-theory or algebraic cobordism.
If we work with theories E that are not oriented, the identification of the
group carrying the virtual fundamental class becomes more complicated.
However, there are interesting examples of theories, the SL-oriented theories,
which admit a Thom isomorphism for bundles with a trivial determinant.
One such theory is given by taking cohomology with coefficients the sheaf
of Milnor-Witt K-groups (see [11]). The part of this theory corresponding
to the Chow groups gives the Barge-Morel theory of oriented Chow groups
C˜H
n
(X) := Hn(X,KMWn )
a formula reminiscent of Bloch’s formula relating the classical Chow groups
with Milnor K-theory. There are also twisted versions of the oriented Chow
groups
C˜H
n
(X;L) := Hn(X,KMWn (L))
for a line bundle L on X. These formulas for the oriented Chow groups
are only valid for smooth X, but one has a straightforward extension to
the general case using Borel-Moore homology. The general theory gives us
classes
[CstZ ]KMW∗ ∈ C˜HdM (CZ⊂M ; i
∗ωM/B);
[Z, [φ]]virE ∈ C˜Hr(Z; detE
∨
• ).
In this setting the pushforward maps on the oriented Chow groups are
restricted to oriented proper morphisms. This still allows one to achieve
a refinement of the usual Gromov-Witten-type invariants in case the given
perfect deformation theory E• not only has virtual rank zero, but also has
trivial virtual determinant bundle (more generally, the determinant bundle
should admit a square root line bundle). In this case, we have
deg([Z, [φ]]virKMW∗
) ∈ GW(k)
where GW(k) is the Grothendieck-Witt group of the base-field k. Applying
the rank homomorphism GW(k)→ Z recovers the classical degree. We hope
that this approach will prove useful in studying the enumerative geometry
of real varieties.
We conclude with remarking that our approach is essentially formal: our
construction uses three ingredients beyond some elementary geometry of
normal cones
4 MARC LEVINE
(1) The existence of Grothendieck’s six operations for the equivariant
motivic stable homotopy category SHG(−) : SchGop/B → Tr. Here
Tr is the 2-category of triangulated categories. In particular, for
each G-vector bundle V → X, we have the automorphism ΣV :
SHG(X)→ SHG(X).
(2) For X ∈ SchG/B, we have the path groupoid VG(X) of the G-
equivariant K-theory space of X. We need the existence of a natural
transformation Σ− : VG(−) → Aut(SHG(−)) extending the map
V 7→ ΣV , such that the exceptional pushforward and pullback for
a smooth morphism f : X → Y is given by f ! = ΣTX/Y ◦ f∗, f! =
f# ◦ Σ
−TX/Y , where f# is the left adjoint to f
∗.
(3) A1-homotopy invariance: for p : V → Z an affine space bundle,
co-unit of adjunction p!p
! → IdSHG(Z) is an isomorphism.
Presumably many other functor SchG/B → Tr have these three properties.
A construction of the fundamental class of the normal cone CZ⊂M in al-
gebraic cobordism was communicated to us by Parker Lowrey some years
ago. Our construction of the fundamental class may be viewed as a gener-
alization of this method, see Example 5.1 for further details. F. De´glise, F.
Jin and A. Khan1 have generalized aspects of the work of Lowrey-Schu¨rg
[10], constructing fundamental classes of quasi-smooth derived schemes in
a motivic stable homotopy category of derived schemes; we expect there is
a suitable dictionary translating between some of their constructions and
some of the ones given here.
1. Background on motivic homotopy theory
We begin by recalling some of the aspects of the six operations on the
motivic stable homotopy category. We refer the reader to [1, 4, 7, 12, 14]
for details on the non-equivariant case and [6] for the extension to the equi-
variant setting.
Fix a noetherian affine scheme U with flat, finitely presented linearly
reductive group scheme G0 over U (see [6, Definition 2.14]).
We fix a a quasi-projective U -scheme B → U (with trivial G0-action) as
base-scheme and let G = G0 ×U B. A G-equivariant morphism q : Y →
X of G-schemes over B is called G-quasi-projective if there is a G-vector
bundle V → X and a G-equivariant locally closed immersion i : Y → P(V )
of X-schemes. We let SchG/B be full subcategory of G-schemes over B
with objects the G-quasi-projective B-schemes and let SmG/B be the full
subcategory of smooth B-schemes in SchG/B.
For X ∈ SchG/B, we have the category QCohGX of quasi-coherent OX -
modules with G-action and the full subcategory CohGX of coherent sheaves.
We call F in CohGX locally free if F is locally free and of finite rank as an
1private communication
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OX-module. We let D
b
G(X) denote the bounded derived category of coher-
ent G-sheaves, DG(X) the unbounded derived category of quasi-coherent
G-sheaves and DperfG (X) the full subcategory of DG(X) of complexes iso-
morphic in DG(X) to a bounded complex of locally free sheaves. Such a
complex is called a perfect complex.
We will use homological notation for complexes: for a homological com-
plex C•, τ≥nC is the complex which is Cm in degree m > n, 0 in degree
m < n and Cn/∂(Cn+1) in degree n.
We will assume that U has the G0-resolution property, namely, that each
F ∈ CohG0U admits a surjection E → F from a locally free E in Coh
G
U (see
[6, Definition 2.7]). This implies that the group scheme G over B is tame
in the sense of [6, Definition 2.26]. Examples of linearly reductive G0 such
that U has the G0-resolution property include
• G0 is finite locally free of order invertible on U .
• G0 is of multiplicative type and is isotrivial.
• U has characteristic zero and G0 is reductive with isotrivial radical
and coradical (e.g., G0 is semisimple).
See [6, Examples 2.8, 2.16, 2.27].
Hoyois shows [6, Lemma 2.11] that each Z ∈ SchG/B has theG-resolution
property. In addition, if Z ∈ SchG/B is affine, then a locally free coherent
G-sheaf F on Z is projective in QCohGX [6, Lemma 2.17]. This also implies
that a complex E• in DG(Z) that is locally (on ZZar) a perfect complex is in
fact a perfect complex on Z. Similarly, if E• ∈ DG(X) is locally isomorphic
to a complex of locally free sheaves which is 0 in degrees outside a given
interval [a, b], then E• is isomorphic to a complex of locally free G-sheaves
on X which is 0 in degrees outside [a, b]. Such a complex is called a perfect
complex supported in [a, b].
For E ∈ CohGX locally free, we have the associated vector bundle p : E
∨ →
X, with
E∨ := SpecOXSym
∗E.
The G-action on E gives E∨ a G-action, with p : E∨ → X a G-equivariant
morphism.
We will often drop the “G” in our notations, speaking of B-morphisms for
G-equivariant B-morphisms, vector bundles V → X for G-vector bundles,
etc.
Let Tr be the 2-category of triangulated categories. Following [6, §6,
Theorem 6.18], we have the motivic stable homotopy category
SHG(−) : SchG/Bop → Tr;
for f : Y → X in Sch/B, we have the exact functor f∗ : SHG(X)→ SHG(Y )
with right adjoint f∗ : SH
G(Y ) → SHG(X) and the exceptional pullback
f ! : SHG(X) → SHG(Y ) with left adjoint f! : SH
G(X) → SHG(Y ). If f
is a smooth morphism, f∗ admits the left adjoint f#. SH
G(X) is a closed
symmetric monoidal triangulated category with product denoted ∧X and
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internal Hom HomX(−,−); f
∗ is a symmetric monoidal functor and f∗ and
f! satisfy projection formulas, that is, for f : Y → X, f∗ and f! are SH
G(X)-
module maps and the same holds for f# if f is smooth. There is a natural
transformation ηf!∗ : f! → f∗ which is an isomorphism if f is proper. See also
the earlier treatments [1] and [4] for the non-equivariant case.
For the pair of adjoint functors a! ⊣ a
!, we let ea : a!a
! → Id denote the
co-unit. For the pair of adjoint functor a∗ ⊣ a∗, we let ua : Id→ a∗a
∗ denote
the unit. We will use analogous notation for other adjoint pairs, leaving the
context to make the meaning clear.
Besides the equivariant stable motivic homotopy category, Hoyois has
defined an equivariant unstable motivic category HG• (X) for X ∈ Sch
G/B
[6, §5], generalizing the constructions of Morel-Voevodsky [12] in the non-
equivariant case. There is an infinite T -suspension functor Σ∞T : H
G
• (X)→
SHG(X); we often simply write X for Σ∞T X when the context makes the
meaning clear. The functors f∗, f∗ are T -stabilizations of functors f
∗ :
H•(X) → H•(Y ), f∗ : H•(Y ) → H•(X), with f
∗ left adjoint to f∗. If
f : Y → X is smooth, f# is the T -stabilization of f# : H•(Y ) → H•(X),
left adjoint to f∗. Similarly, if i : Y → X is a closed immersion, then i∗ :
H•(Y )→ H•(X) admits a left adjoint i
!, and the maps i∗ = i! : SH
G(Y )→
SHG(X), i! : SHG(X) → SHG(Y ) are the T -stabilizations of these unstable
versions.
For p : V → X a vector bundle with zero-section s : X → V , we have the
Thom space ThX(V ) := p#s∗(1V ) ∈ H•(X). The Thom space ThX(V ) is
canonically isomorphic to the cofiber of V \s(X)→ V in HG• (X). ThX(V ) is
invertible in SHG(X) with inverse denoted ThX(−V ). Let Σ
V : SHG(X)→
SHG(X) denote the functor ΣVX(α) := ThX(V ) ∧X α, and define Σ
−V
X simi-
larly. For f : Y → X smooth, there are canonical isomorphisms
f! ∼= f# ◦Σ
−TY/X , f ! ∼= ΣTY/X ◦ f∗,
giving the canonical isomorphism
f!f
! ∼= f#f
∗.
If f : V → X is an affine space bundle over X, then the A1-homotopy
property shows that the co-unit of the adjunction f# ⊣ f
∗, ef : f#f
∗ → Id,
is a natural isomorphism.
There are exchange morphisms associated to a cartesian diagram
Z
q
//
∆g

Y
f

W p
// X
as follows:
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1. We have Ex(∆∗∗) : p
∗f∗ → g∗q
∗ defined as the composition
p∗f∗
ug
−→ g∗g
∗p∗f∗ = g∗q
∗f∗f∗
ef
−→ g∗q
∗
Ex(∆∗∗) is an isomorphism if p is smooth or if f is proper.
2. Suppose that p is smooth. The isomorphism Ex(∆∗#) : q#g
∗ → f∗p# is
defined as the composition
q#g
∗ up−→ q#g
∗p∗p# = q#q
∗f∗p#
eq
−→ f∗p#.
3. Suppose p is smooth. We have Ex(∆#∗) : p#g∗ → f∗q# defined as the
composition
p#g∗
uf
−→ f∗f
∗p#g∗
Ex(∆∗#)
−1
−−−−−−−→ f∗q#g
∗g∗
eg
−→ f∗q#.
4. Suppose p is smooth. We have the isomorphism Ex(∆∗!) : g∗p! → q!f∗
defined as the composition
g∗p! ∼= g∗ΣTW/Xp∗ ∼= ΣTZ/Y g∗p∗ ∼= ΣTZ/Y q∗f∗ ∼= q!f∗.
5. Suppose p is smooth. We have Ex(∆!∗) : p!g∗ → f∗q! defined as the
composition
p!g∗ ∼= p#Σ
−TW/Xg∗ ∼= p#g∗Σ
−TZ/Y
Ex(∆#∗)
−−−−−−→ f∗q#Σ
−TZ/Y ∼= f∗q!
For a locally free sheaf E ∈ CohGX , we have the automorphism Σ
E∨ of
SHG(X). Ayoub [1, The´ore`m 1.5.18] and Riou [13, Proposition 4.1.1] have
shown that for G = {Id}, the association E 7→ ΣE
∨
extends to a functor
Σ− : V(X)→ Aut(SH(X)).
Here V(X) is the path groupoid of theK-theory space of X and Aut(SH(X))
is the category with objects the auto-equivalences of SH(X) and morphisms
the natural isomorphisms.
The same arguments extend without problem to the equivariant case:
letting VG(X) be the path groupoid of the G-equivariant K-theory space of
X, there is a functor
Σ− : VG(X)→ Aut(SHG(X))
extending the assignment E 7→ ΣE
∨
. Letting DperfG,iso(X) be the subcate-
gory of DperfG (X) with the same objects and morphisms the isomorphisms in
DperfG (X), we have the functor D
perf
G,iso(X) → V
G(X). The functor Σ− thus
induces the functor
Σ− : DperfG,iso(X)→ Aut(SH
G(X)).
We write ΣE
∨
• for the image of a perfect complex E• under this functor. For
each distinguished triangle E1• → E• → E
2
• → there is an isomorphism
ΣE
∨
• ∼= ΣE
1∨
• ◦ΣE
2∨
• ,
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natural with respect to isomorphisms of distinguished triangles, and for each
E• an isomorphism Σ
E∨• [1] ∼= (ΣE
∨
• )−1. Thus, if E• = (En → . . . → Em),
supported in [n,m], then ΣE
∨
• is canonically isomorphic to Σ(−1)
nE∨n ◦ . . . ◦
Σ(−1)
mE∨m .
Suppose we have a closed immersion i : Z → X in SchG/B, with open
complement j : U → X. This yields the localization distinguished triangle
(1.1) j!j
! ef−→ IdSHG(X)
ui−→ i∗i
∗
Note that j! = j#, j
! = j∗ and i∗ = i!.
Definition 1.1. Let πZ : Z → B be a finite type B-scheme. The Borel-
Moore motive of Z over B is the object Z/BB.M. := πZ!(1Z) in SH
G(B).
Suppose Z admits a closed immersion iZ : Z →M withM ∈ Sm
G/B. We
have theM -schemesM andM \iZ(Z), with open immersion j :M \Z →M ,
giving the object M/(M \ Z) ∈ SHG(M).
Lemma 1.2. Let πM : M → B be the structure morphism. There is a
canonical isomorphism
πM !(M/(M \ Z)) ∼= Z/BB.M.
in SHG(B).
Proof. The localization distinguished triangle in SHG(M)
j#j
∗ → Id→ iZ!i
∗
Z
gives a canonical isomorphism
M/(M \ Z) ∼= iZ!(1Z)
in SHG(M). Applying πM ! and using the functoriality πM ! ◦ iZ! ∼= πZ! gives
the result. 
Let p : Z → W be a morphism of finite-type B schemes. For p proper,
we have the natural transformation (proper pullback)
(1.2) p∗ : πW ! → πZ! ◦ p
∗
defined as the composition
πW !
up
−→ πW !p∗p
∗ (η
p
!∗)
−1
−−−−→ πW !p!p
∗ ∼= πZ! ◦ p
∗.
Applying p∗ to 1W gives the morphism
p∗ :W/BB.M. → Z/BB.M.
in SHG(B). One checks easily that (pq)∗ = q∗p∗ for composable proper
morphisms p and q.
Let f : Z →W be a smooth morphism. We have the natural transforma-
tion (smooth pushforward)
(1.3) f∗ : πZ!Σ
TZ/W f∗ → πW !
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defined by the composition
πZ!Σ
TZ/W f∗ ∼= πW !f!f
! ef−→ πW !.
One checks that f 7→ f∗ is functorial: For smooth morphisms f : Z → W ,
g : Y → Z, we have
(fg)∗ ◦ θY/Z/W = f∗ ◦ [g∗ ◦ (Σ
TZ/W ◦ f∗)]
where
θY/Z/W : (πY !Σ
TY/Zg∗) ◦ (ΣTZ/W ◦ f∗)→ πY !Σ
TY/W ◦ (fg)∗
is the isomorphism induced by the exact sequence
0→ TY/Z → TY/W → g
∗TZ/W → 0.
Applying f∗ to 1W gives the morphism
f∗ : πZ!ThZ(TZ/W )→W/BB.M..
Suppose a smooth morphism f : Z → W admits a section s : W → Z.
We have the canonical isomorphism
(a) f!s! ∼= (fs)!
which induces the isomorphism on the adjoints
(b) s!f ! ∼= (fs)!
Let es : s!s
! → Id, ef : f!f
! → Id, efs : (fs)!(fs)
! → Id be the co-units of
adjunction. This gives us the commutative diagram
Id ∼= f!s!s
!f !
f!esf
!
//
(a)◦(b) ≀

f!f
!
ef
// Id
Id ∼=
Id
55(fs)!(fs)
!
efs
// Id,
in other words, f!esf
! is a right inverse to ef .
2 Define the natural transfor-
mation
(1.4) s∗ : πW ! → πZ! ◦ Σ
TZ/W ◦ f∗
as the composition
πW !
piW !◦f!esf
!
−−−−−−−→ πW ! ◦ f! ◦ f
! ∼= πW ! ◦ f! ◦ Σ
TZ/W ◦ f∗ ∼= πZ! ◦Σ
TZ/W ◦ f∗
Lemma 1.3. 1. Let f : Z → W be a smooth morphism in SchG/B with a
section s :W → Z. Then the composition
πW !
s∗−→ πZ! ◦Σ
TZ/W ◦ f∗
f∗
−→ πW !
2I am grateful to F. De´glise and D.C. Cisinski for communicating this argument.
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is the identity.
2. If f : Z →W is a vector bundle over W , then
f∗ : πZ! ◦Σ
TZ/W ◦ f∗ → πW !
is an isomorphism, with inverse s∗.
Proof. The fact that ef ◦ (f!esf
!) = Id implies (1).
For (2), it suffices by (1) to show that f∗ is an isomorphism. Since Z →W
is a vector bundle, it follows by A1 homotopy invariance that ef : f!f
! =
f#f
∗ → Id is an isomorphism; applying πW ! ◦ − yields (2). 
Lemma 1.4. Suppose we have a Cartesian diagram in SchG/B
Z
q
//
∆g

Y
f

W p
// X
with p proper and f smooth. Then the diagram
πY ! ◦Σ
TY/X ◦ f∗
q∗◦(Σ
TY/X ◦f∗)
//
f∗

πZ! ◦ q
∗ ◦ ΣTY/X ◦ f∗ πZ! ◦ Σ
TZ/W ◦ g∗ ◦ p∗
g∗◦p∗

πX!
p∗
// πW ! ◦ p
∗
commutes. In other words, proper pullback commutes with smooth pushfor-
ward.
Proof. In what follows we simply write
∼
−→ for isomorphisms that follow
from functoriality, such as πX!f! ∼= πY ! or that follow from the isomorphisms
ΣTY/Xf∗ ∼= f ! or ΣTZ/W g∗ ∼= g!.
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We fit a number of diagrams together.
(a) πY !Σ
TY/Xf∗
piY !◦uq
//
≀

πY !q∗q
∗ΣTY/Xf∗
≀

πY !q∗q
∗f !
≀

πX!f!f
!
piX!f!uqf
!
//
piX!ef

πX!f!q∗q
∗f !
piX!Ex(∆!∗)q
∗f !

πX!p∗g!q
∗f !
piX!p∗g!Ex(∆
∗!)≀

πX!p∗g!g
!p∗
piX!p∗egp
∗

πX! piX!up
// πX!p∗p
∗
(b1) πY !q∗q
∗ΣTY/Xf∗
≀

πY !q!q
∗ΣTY/Xf∗∼
piY !η
q
!∗Σ
TY/X f∗
oo
≀

πY !q∗q
∗f !
≀

πY !q!q
∗f !∼
piY !η
q
!∗f
!
oo
≀

πX!f!q∗q
∗f !
piX!Ex(∆!∗)

πX!p!g!q
∗f !
∼
piX!η
p
!∗g!q
∗f !tt✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
πX!p∗g!q
∗f !
(b2) πX!p∗g!q
∗f !
≀piX!p∗g!Ex(∆
∗!)

πX!p!g!q
∗f !∼
piX!η
p
!∗g!q
∗f !
oo
≀ piX!p!g!Ex(∆
∗!)

πX!p∗g!g
!p∗
piX!p∗egp
∗

πX!p!g!g
!p∗∼
piX!η
p
!∗g!g
!p∗
oo
piX!p!egp
∗

πX!p∗p
∗ πX!p!p
∗∼
piX!η
p
!∗p
∗
oo
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(c) πY !q!q
∗ΣTY/Xf∗
∼
//
≀

πZ!Σ
TZ/W g∗p∗
≀

πY !q!q
∗f !
≀

πZ!g
!p∗
≀

πX!p!g!q
∗f ! ∼
piW !g!Ex(∆
∗!)
//
∼piW !g!Ex(∆
∗!)

πW !g!g
!p∗
∼◦Id
g!g
!p∗tt✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
piW !egp
∗

πX!p!g!g
!p∗
piX!p!egp
∗

πX!p!p
∗ ∼ // πW !p
∗
These fit together as
πY ! ◦ Σ
TY/X ◦ f∗
q∗◦(Σ
TY/X ◦f∗)
//
f∗

πZ! ◦ Σ
TZ/W ◦ g∗ ◦ p∗
g∗◦p∗

(b1)
(a) (c)
(b2)
πX!
p∗
// πW ! ◦ p
∗
The four diagrams (a), (b1), (b2) and (c) all commute; this follows from the
commutativity of transformations acting on separate parts of a composition
of functors, or the naturality of the unit and co-unit of an adjunction, or
that fact that the exchange isomorphisms Ex(∆∗!) and Ex(∆∗!) are derived
from the functoriality of composition for (−)∗ and (−)∗, combined with units
and co-units of various adjunctions. For instance, the commutativity of the
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lower square in (a) is equivalent to the commutativity of the square
f#f
∗ uq //
ef

f#q∗q
∗f∗
Ex(∆#∗)

p∗g#q
∗f∗
≀

p∗g#g
∗p∗
eg

Id up
// p∗p
∗
We fill this in as follows
f#f
∗ uq //
(i)
up
%%❑
❑❑
❑❑
❑❑
❑❑
ef

(v)
f#q∗q
∗f∗
Ex(∆#∗)

(ii)
up
ww♦♦
♦♦
♦♦
♦♦
♦♦
♦
p∗p
∗f#f
∗
uq
//
(iii)
p∗p
∗f#q∗q
∗f∗
p∗g#q
∗f∗
≀Ex(∆∗#)
OO
uq
//
≀

p∗g#q
∗q∗q
∗f∗
≀ Ex(∆∗#)
OO
eq
// p∗g#q
∗f∗
≀

(iv)
p∗g#g
∗p∗
Id
//
eg
++❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲
(vi)
p∗g#g
∗p∗
eg

Id up
// p∗p
∗
The commutativity of (i), (iii) and (vi) is obvious, that of (ii) is the definition
of Ex(∆#∗) and that of (iv) is the standard identity (eq ◦ q
∗) ◦ (q∗ ◦uq) = Id
for the unit and co-unit of an adjunction. The commutativity of (v) reduces
to that of
f#f
∗
up
//
ef

p∗p
∗f#f
∗
ef

p∗g#q
∗f∗∼
Ex(∆∗#)
oo
≀

Id up
// p∗p
∗ p∗g#g
∗p∗eg
oo
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The commutativity of the left side is obvious and, using the definition of
Ex(∆∗#), that of the right side reduces to the commutativity of
g#q
∗f∗
uf

g#g∗p
∗∼oo
eg
// p∗
g#q
∗f∗f#f
∗
∼
// g#g
∗p∗f#f
∗
eg
// p∗f#f
∗
ef
OO
Filling this in as
g#g∗p
∗
∼
ww♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
eg
// p∗
g#q
∗f∗
uf

g#q
∗f∗
≀
OO
g#q
∗f∗f#f
∗
∼
//
ef
77♥♥♥♥♥♥♥♥♥♥♥♥
g#g
∗p∗f#f
∗
eg
// p∗f#f
∗
ef
OO
we see that the commutativity follows from the identity (ef ◦f
∗)◦(f∗◦uf ) =
Id.
The commutativity of the remaining diagrams is much easier to verify
and we leave the details to the reader. 
Remark 1.5. The usual operations on Borel-Moore homology: proper push-
forward, smooth pullback, intersection with a section, all follow by apply-
ing proper pullback p∗, smooth pushforward f∗ or section pushforward s∗
to morphisms Z/BB.M. → E (or twists thereof). With this translation,
Lemma 1.4 is saying that proper pushforward commutes with smooth pull-
back in twisted Borel-Moore cohomology.
2. The intrinsic stable normal cone
Take Z ∈ SchG/B. Since Z is G-quasi-projective over B, Z admits a
closed immersion i : Z → M , with M ∈ SmG/B. As in [3], we have the
normal cone CZ⊂M :
CZ⊂M := SpecOX (⊕n≥0I
n
Z/I
n+1
Z ),
where IZ is the ideal sheaf of Z ⊂M . Let pi : CZ⊂M → Z be the projection
and σi : Ci →M the composition i ◦ pi. As before, we denote the structure
morphism for Y ∈ SchG/B by πY : Y → B.
Lemma 2.1. Suppose we have closed immersions i : Z →M , i′ : Z →M ′.
Then there is a canonical isomorphism
ψi,i′ : πCZ⊂M′ !(σ
∗
i′ThM ′(TM ′/B))→ πCZ⊂M !(σ
∗
iThM (TM/B)).
If we have a third closed immersion i′′ : Z →M ′′ then ψi,i′ ◦ ψi′,i′′ = ψi,i′′ .
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Proof. Using the immersion
(i, i′) : Z →M ×B M
′
we may assume there is a smooth morphism g : M ′ →M with i = g ◦ i′. In
this case g induces a smooth morphism C(g) : CZ⊂M ′ → CZ⊂M , giving the
commutative diagram
CZ⊂M ′
C(g)
//
σi′

CZ⊂M
σi

M ′ g
// M
The projection C(g) makes CZ⊂M ′ into a torsor over CZ⊂M for the vector
bundle p∗i i
′∗TM ′/M , giving a canonical identification
TCZ⊂M′/CZ⊂M
∼= σ∗i′TM ′/M .
The exact sequence
0→ i′∗TM ′/M → i
′∗TM ′/B → i
∗TM/B → 0
gives the canonical isomorphism
Σ−σ
∗
i′
TM′/M ◦ Σσ
∗
i′
TM′/B
θg
−→ ΣC(g)
∗σ∗i TM/B
Since C(g) : CZ⊂M ′ → CZ⊂M is an affine space bundle, the co-unit
eC(g) : C(g)# ◦ C(g)
∗ → IdSHG(CZ⊂M )
is an isomorphism. This gives the canonical isomorphisms
C(g)! ◦Σ
σ∗
i′
TM′/B ◦ C(g)∗ ∼= C(g)# ◦ Σ
−σ∗
i′
TM′/M ◦ Σσ
∗
i′
TM′/B ◦ C(g)∗
∼= C(g)# ◦ Σ
C(g)∗σ∗i TM/B ◦ C(g)∗
∼= C(g)# ◦ C(g)
∗ ◦ Σσ
∗
i TM/B
∼= Σσ
∗
i TM/B .
Applying this to 1CZ⊂M gives the canonical isomorphisms
πCZ⊂M′ !(σ
∗
i′ThM ′(TM ′/B))
∼= πCZ⊂M ! ◦ C(g)!(σ
∗
i′ThM ′(TM ′/B))
∼= πCZ⊂M !(σ
∗
iThM (TM/B))
Note that this composition is just the map C(g)∗ applied to σ
∗
iThM (TM/B)
and composed with πCZ⊂M′ !(C(θg)), where C(θg) is the isomorphism
σ∗i′ThM ′(TM ′/B)
C(θg)
−−−→ Σ
TC
Z⊂M′
/CZ⊂M (C(g)∗σ∗iThM (TM/B))
induced by θg. Setting ψg := C(g)∗(σ
∗
iThM (TM/B)) ◦ πCZ⊂M′ !(C(θg)), we
have the isomorphism
ψg : πCZ⊂M′ !(σ
∗
i′ThM ′(TM ′/B))→ πCZ⊂M !(σ
∗
iThM (TM/B)).
16 MARC LEVINE
If we have another smooth morphism g′ :M ′′ →M ′ and a closed immer-
sion i′′ : Z →M ′′ with g′′ ◦ i′′ = i′, then we have the exact sequence
0→ i′′∗TM ′′/M ′ → i
′′∗TM ′′/M → i
′∗TM ′/M → 0
which together with the functoriality of smooth pushforward gives
[C(g)∗(σ
∗
iThM (TM/B)) ◦ πCZ⊂M′ !(C(θg))]
◦ [C(g′)∗(σ
∗
iThM (TM ′/B)) ◦ πCZ⊂M′′ !(C(θg′))]
= C(gg′)∗(σ
∗
i′′ThM (TM/B)) ◦ πCZ⊂M′′ !(C(θgg′))
or in other words,
ψg ◦ ψg′ = ψgg′ ,
and thus
ψi,i′ ◦ ψi′,i′′ = ψi,i′′ .

Definition 2.2. Let Z be in SchG/B, admitting a closed immersion i :
Z →M withM ∈ SmG/B. The intrinsic stable normal cone CstZ ∈ SH
G(B)
is defined by
C
st
Z := πCZ⊂M !(σ
∗
iThM (TM/B)) ∈ SH
G(B).
Lemma 2.1 implies that CstZ is independent of the choice of closed immer-
sion i : Z →M , up to canonical isomorphism. More precisely, having fixed
a closed immersion i0 : Z →M0 with M0 ∈ Sm
G/B, we set
C
st
Z := πCZ⊂M0 !(σ
∗
i0ThM0(TM0/B)).
For each closed immersion i : Z →M with M ∈ SmG/B, we then have the
canonical isomorphism
αi := ψi,i0 : C
st
Z → πCZ⊂M !(σ
∗
iThM (TM/B))
such that, if i′ : Z →M ′ is another closed immersion, then the diagram
C
st
Z
αi′
//
αi
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
πCZ⊂M′ !(σ
∗
i′ThM ′(TM ′/B))
ψi,i′

πCZ⊂M !(σ
∗
iThM (TM/B))
commutes.
Example 2.3. Suppose πZ : Z → B is smooth over B. Then we may take
the identity for i : Z →M , giving CZ⊂M = Z and C
st
Z = πZ!(ThZ(TZ/B)) =
πZ#(1Z) = Z in SH
G(B).
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Still assuming Z smooth over B, we may take a closed immersion i : Z →
M with M smooth over B. Then CZ⊂M is the normal bundle pi : Ni → Z
and the isomorphism ψIdZ ,i is the composition of the isomorphisms
πNi!(σ
∗
iThM (TM/B))
∼= πZ!pi!(Σ
σ∗i TM/B (1Ni))
∼= πZ!pi!(Σ
p∗iNi ◦ Σp
∗
i TZ/B (1Ni))
∼= πZ!pi#(Σ
p∗i TZ/B (1Ni))
∼= πZ!(pi#p
∗
i (ThZ(TZ/B)))
∼= πZ!(ThZ(TZ/B))
∼= πZ#(1Z) = Z
The second isomorphism arises from the exact sequence
0→ TZ/B → i
∗TM/B → Ni → 0,
the third from the isomorphism p∗iNi
∼= TNi/Z and the fifth from homotopy
invariance.
Lemma 2.4. Suppose we have a closed immersion i : Z → M with M ∈
Sm
G/B and an affine space bundle q : V →M , giving the cartesian diagram
Z ′
i′
//
qZ

V
q

Z
i
// M
Let C(q) : CZ′⊂V → CZ⊂M be the morphism induced by (qZ , q) and let
C
st
Z′
Cst(q)
−−−→ CstZ
be defined as the composition
C
st
Z′
αi′
// πCZ′⊂V !(σ
∗
i′ThV (TV/B))
α
∼
// πCZ′⊂V !(Σ
σ∗
i′
q∗V
C(q)∗σ∗iThM (TM/B))
C(q)∗(σ∗i ThM (TM/B))
−−−−−−−−−−−−−−→ πCZ⊂M !(σ
∗
iThM (TM/B))
α−1i
// C
st
Z ,
where the isomorphism α is induced by the exact sequence
0→ q∗V → TV/B → q
∗TM/B → 0.
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Then Cst(q) is an isomorphism. Moreover, if we have an extension of our
diagram to a Cartesian diagram in SchG/B
Z ′′
i′′
//
gZ

W
g

Z ′
i′
//
qZ

V
q

Z
i
// M
with W → V an affine space bundle, then
C
st(q ◦ g) = Cst(q) ◦ Cst(g).
Proof. We use the closed immersion i′ : Z ′ → V to compute CstZ′ . The
morphism
C(q) : CZ′⊂V → CZ⊂M ,
identifies CZ′⊂V with CZ⊂M×MV and the homotopy property for affine space
bundles thus implies that the co-unit C(q)#C(q)
∗ → Id of the adjunction is
an isomorphism. This gives the series of isomorphisms defining the map
C
st(q):
C
st
Z′
αi′
∼
// πCZ′⊂V !(σ
∗
i′Th(TV/B))
α
∼
// πCZ′⊂V !(Σ
σ∗
i′
q∗V
C(q)∗σ∗iTh(TM/B))
(i)
∼
// πCZ⊂M ! ◦ C(q)!(Σ
σ∗
i′
q∗V
C(q)∗σ∗iTh(TM/B))
(ii)
∼
// πCZ⊂M ! ◦ C(q)#(C(q)
∗σ∗iTh(TM/B))
(iii)
∼
// πCZ⊂M !(σ
∗
iTh(TM/B))
α−1i
∼
// C
st
Z .
Noting that map C(q)∗(σ
∗
iThM (TM/B)) is the composition of maps (i), (ii)
and (iii), the functoriality Cst(q◦g) = Cst(q)◦Cst(g) follows the functoriality
of smooth pushforward, the naturality of the isomorphisms α− and the fact
that V 7→ ΣV extends to a functor Σ− : VG(−)→ Aut(SHG(−)). 
Remark 2.5 (Jouanolou covers). Hoyois [6, Proposition 2.20] has shown that
the Jouanolou trick extends to the equivariant case: for each M ∈ SchG/B,
there is an affine space bundle M˜ →M such that πM˜ : M˜ → B is an affine
morphism. We call such a map M˜ →M a Jouanolou cover of M . For affine
B, Lemma 2.4 will thus enable us to reduce various constructions to the
case of affine Z ∈ SchG/B.
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3. The fundamental class
The next step in the construction is to define a fundamental class in co-
homotopy [CstZ ] ∈ S
0,0
B (C
st
Z ). We do this by the method of specialization to
the normal cone, suitably reinterpreted.
Choose as before a closed immersion i : Z →M with M ∈ SmG/B. Let
π˜ : M˜ × A1 →M × A1
be the blow up of M × A1 along Z × 0, that is
M˜ ×A1 = ProjM×A1 ⊕n≥0 I
n
Z×0.
Writing M × A1 = SpecOM [t], the element t ∈ IZ×0, considered as an
element of ⊕n≥0I
n
Z×0 of degree one, gives a G-invariant section of O(1),
which we denote by T . We define
Def(i) := M˜ × A1 \ (T = 0) ∈ SchG/B,
so
Def(i) = SpecM×A1(⊕n≥0I
n
Z×0[T
−1])0,
where the subscript 0 denotes the subsheaf of homogeneous sections of degree
0. The projection p : Def(i) → M × A1 is flat, p−1(M × (A1 \ {0}) is
isomorphic via p to M × (A1 \ {0}) and p−1(M × 0) = CZ⊂M . Thus CZ⊂M
is an effective principal Cartier divisor on Def(i), with ideal (t)ODef(i). Let
iC : CZ⊂M → Def(i) be the inclusion, and let j : M × (A
1 \ {0}) → Def(i)
be the open complement.
The localization triangle (1.1), twisted by Σp
∗p∗1TM/B and pushed forward
by πDef(i)!, gives us the distinguished triangle in SH
G(B)
πM×(A1\{0})!(Σ
p∗1TM/B (1M×(A1\{0})))→ πDef(i)!(Σ
p∗p∗1TM/B(1Def(i)))
→ πCZ⊂M !(σ
∗
iThM (TM/B)).
The isomorphism
TM×(A1\{0}) ∼= p
∗
1TM/B ⊕ p
∗
2TA1\{0}/B
and the canonical isomorphism TA1\{0}/B ∼= OA1\{0} gives the isomorphisms
πM×(A1\{0})!(Σ
p∗1TM/B (1M×(A1\{0}))) ∼= πM#(1M ) ∧B πA1\{0}#(Σ
−1
T 1A1\{0})
∼= Σ−1T M × (A
1 \ {0})+.
We have the canonical isomorphism
αi : C
st
Z → πCZ⊂M !(σ
∗
iThM (TM/B)),
so our distinguished triangle gives the map in SHG(B)
(3.1) ∂Z,i : C
st
Z → Σ
−1
Gm
M × (A1 \ {0})+.
Let
p¯M2 : M × (A
1 \ {0})+ → Gm
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be the projection p2 : M×(A
1\{0})+ → (A
1\{0})+ followed by the quotient
map (A1 \ {0})+ → (A
1 \ {0}, {1}) = Gm.
Lemma 3.1. The map
Σ−1Gm p¯
M
2 ◦ ∂Z,i : C
st
Z → Σ
−1
Gm
Gm ∼= SB
is independent of the choice of closed immersion i : Z →M .
Proof. We reduce as in the proof of Lemma 2.1 to the case in which we have
a commutative diagram
Z
i′
//
i   ❇
❇❇
❇❇
❇❇
❇ M
′
g

M
with g smooth. The map g induces a smooth morphism Def(g) : Def(i′)→
Def(i), making the diagram
Def(i′)
pM′
//
Def(g)

M ′ × A1
g×Id

Def(i) pM
// M × A1
The restriction of Def(g) to CZ⊂M ′ is the map C(g) : CZ⊂M ′ → CZ⊂M
induced by g.
This gives us the map of distinguished triangles (we suppress the isomor-
phisms on the suspension operations induced by various exact sequences)
πM ′×(A1\{0})!(Σ
p∗1TM′/B (1M ′×(A1\{0})))

(g×Id)∗(Σ
p∗1TM/B (1))
++❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲
πM×(A1\{0})!(Σ
p∗1TM/B (1M×(A1\{0})))

πDef(i′)!(Σ
p∗
M′
p∗1TM′/B (1Def(i)))

Def(g)∗(Σ
p∗
M′
p∗1TM/B (1))
++❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲
πDef(i)!(Σ
p∗Mp
∗
1TM/B (1Def(i)))

πCZ⊂M′ !(σ
∗
i′ThM ′(TM ′/B))
C(g)∗(σ∗i ThM (TM/B))
++❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
πCZ⊂M !(σ
∗
iThM (TM/B))
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which in turn gives the commutative diagram
C
st
Z
αi′

αi
**❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
πCZ⊂M′ !(σ
∗
i′ThM ′(TM ′/B))
ψg
//
∂

πCZ⊂M !(σ
∗
iThM (TM/B))
∂

Σ−1GmM
′ × (A1 \ {0})+
Σ−1
Gm
g×Id
//
p¯M
′
2
**❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱
Σ−1GmM × (A
1 \ {0})+
p¯M2

SB,
completing the proof. 
Definition 3.2. Let Z be in SchG/B. The fundamental class [CstZ ] ∈
S
0,0
B (C
st
Z ) is the composition
C
st
Z
∂Z,i
−−→ Σ−1GmM × (A
1 \ {0})+
p¯M2−−→ Σ−1GmGm
∼= SB.
If E is a commutative monoid in SHG(B) with unit ǫE : SB → E , we define
the fundamental class [Th(CZ)]E ∈ E
0,0(Th(CZ)) by composing [Th(CZ)]
with ǫE .
4. Perfect obstruction theories and the virtual fundamental
class
We now assume that B is affine. Using Remark 2.5, for each Z ∈ SchG/B
and each closed immersion Z → M with M ∈ SmG/B, there is an affine
space bundle M˜ → M with M˜ affine, and thus Z˜ := Z ×M M˜ is affine as
well.
Let LZ/B be the relative dualizing complex on Z and let [φ] : E• →
LZ/B be a perfect obstruction theory on Z. Recall that we use homological
notation for complexes.
If we choose a closed immersion i : Z → M with M ∈ SmG/B, we may
use the explicit model (IZ/I
2
Z
d
−→ i∗ΩM/B) for τ≥1LZ/B. Since E• is by
definition supported in [0, 1] and Z satisfies the G-resolution property, we
have a global resolution, that is, we have a two-term complex of locally free
sheaves in CohGZ , F∗ := (F1 → F0), and a map of complexes
φ : (F1
dF−−→ F0)→ (IZ/I
2
Z
d
−→ i∗ΩM/B)
which induces an isomorphism on h0 and a surjection on h1, representing
[φ] : E• → LZ/B . We call a representative (F•, φ) of [φ] a normalized repre-
sentative if the maps φ0, φ1 are surjective. If in addition F0 = i
∗ΩM/B and
φ0 is the identity, we call φ reduced.
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If we have a map of complexes
φ : (F1
dF−−→ F0)→ (IZ/I
2
Z
d
−→ i∗ΩM/B)
as above, inducing an isomorphism on h0 and a surjection on h1, then by
the G-resolution property for Z, there is a locally free sheaf F on Z and a
surjection p : F → IZ/I
2
Z . We may then replace (F∗, φ) by
F1 ⊕F
dF⊕IdF−−−−−→ F0 ⊕F
and map the copy of F in degree 0 to i∗ΩM/B by d ◦ p, giving the map
φ′ : (F1 ⊕F
dF⊕IdF−−−−−→ F0 ⊕F)→ (IZ/I
2
Z
d
−→ i∗ΩM/B).
The map φ′1 is surjective by construction and the assumption that h0(φ) is
an isomorphism implies that φ′0 is surjective as well. Thus, each [φ] admits
a normalized representative.
For a normalized representative φ : F∗ → (IZ/I
2
Z
d
−→ i∗ΩM/B), we let
Ki ⊂ Fi be the kernel of φi. We let F
i → Z be the dual vector bundle
F∨i := SpecOZSym
∗Fi and similarly define K
i := SpecOZSym
∗Ki.
Lemma 4.1. Let φ : F∗ → (IZ/I
2
Z
d
−→ i∗ΩM/B) be a normalized representa-
tive of a perfect obstruction theory [φ]. Let K(h1(F•)) be the kernel of the
surjection h1(φ) : h1(F•) → h1(LZ/B). Then K0 is locally free and in the
commutative diagram
0

0

0

0 // K(h1(F•)) //

K1 //

K0 //

0

0 // h1(F•) //
h1(φ)

F1
dF
//
φ1

F0
φ0

// h0(F•)
h0(φ)

// 0
0 // h1(LZ/B) //

IZ/I
2
Z d
//

i∗ΩM/B //

h0(LZ/B) //

0
0 0 0 0
all the rows and columns are exact.
Proof. Our assumption that φ is a normalized representative is just that
φ0, φ1 and h1(φ) are surjective, and h0(φ) is an isomorphism. The rest
follows by the snake lemma. 
Lemma 4.2. Suppose Z is affine, choose a closed immersion i : Z → M
with M ∈ SmG/B and let [φ] be a perfect obstruction theory on Z. Then
[φ] admits a reduced normalized representative.
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Proof. We have already seen that [φ] admits a normalized representative
φ : (F1 → F0)→ (IZ/I
2
Z → i
∗ΩM/B)
We use the notation of Lemma 4.1. Since Z is affine, each locally free
F on Z is a projective object in QCohGZ . Thus, we may choose a splitting
sK : K0 → K1 to the surjection K1 → K0. This gives us the commutative
diagram
K0
i1

sK

K0
K1

// K0

F1
dF
//
φ1

F0
φ0

IZ/I
2
Z d
// i∗ΩM/B
Replacing F1 with F
′
1 := F1/i1(K0) and F0 with i
∗ΩM/B ∼= F0/K0, we have
the reduced normalized representative
(F ′1
dF ′−−→ i∗ΩM/B)
(φ′1,Id)−−−−→ (IZ/I
2
Z → i
∗ΩM/B)
for [φ]. 
Lemma 4.3. Suppose Z is affine and choose a closed immersion i : Z →M
with M ∈ SmG/B. If φ : F• → (IZ/I
2
Z → i
∗ΩM/B) and φ
′ : F ′• →
(IZ/I
2
Z → i
∗ΩM/B) are two reduced normalized representatives of a given
perfect obstruction theory [φ] : E• → LZ/B on Z, then the induced isomor-
phism F• ∼= E• ∼= F
′
• in D
perf
G (Z) arises from an isomorphism of complexes
ρ• : F• → F
′
• making the diagram
F•
ρ•
//
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
F ′•

(IZ/I
2
Z → i
∗ΩM/B)
commute. Moreover ρ• is unique up to chain homotopy.
Proof. We may assume that [φ] : E• → (IZ/I
2
Z → i
∗ΩM/B) is given by a
map of complexes
φE : E• → (IZ/I
2
Z → i
∗ΩM/B),
and that the isomorphisms α : F• → E•, α
′ : F ′• → E• in D
perf
G (Z) are
quasi-isomorphisms of complexes.
24 MARC LEVINE
Defining F ′′1 as the pullback in the diagram
F ′′1
d′′
//

F0 ⊕ F
′
0

E1 // E0,
then F ′′1 is locally free, (F
′′
1 → F0 ⊕ F
′
0) → E• is a quasi-isomorphism and
we have monomorphisms
F• → (F
′′
1
d′′
−→ F0 ⊕ F
′
0)← F
′
•.
LetK ∼= i∗ΩM/B be the kernel of the sum map i
∗ΩM/B⊕i
∗ΩM/B → i
∗ΩM/B.
Since F0 = F
′
0 = i
∗ΩM/B, it follows that d
′′(F ′′1 ) contains the kernel K, and
we may therefore lift K to F ′′1 so that K → F
′′
1 → IZ/I
2
Z is the zero map.
Taking the quotient of (F ′′1 → F0 ⊕F
′
0) by the acyclic complex K• := K
Id
−→
K, the maps of F• and F
′
• to the quotient complex are both isomorphisms.
The fact that the resulting isomorphism ρ• : F• → F
′
• is unique up to
chain homotopy follows from the fact that the image of ρ• in D
perf
G (Z) is
uniquely determined by the given data, and that F• is a finite complex of
projective objects in QCohGZ . 
We return to case of arbitrary Z ∈ SchG/B with a closed immersion iZ :
Z →M , M ∈ SmG/B. Suppose we have smooth morphism pM : M˜ →M .
Form the Cartesian square
Z˜
iZ˜
//
pZ

M˜
pM

Z
iZ
// M
We have the commutative diagram
0

0

p∗Z(IZ/I
2
Z)
≀

// p∗Zi
∗
ZΩM/B
//

p∗ZΩZ/B
//

0
IZ˜/I
2
Z˜
// i∗
Z˜
ΩM˜/B
//

ΩZ˜/B
//

0
i∗
Z˜
ΩM˜/M
∼
//

ΩZ˜/Z

0 0
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with exact rows and columns. If we have a map of complexes φ : (F1
dF−−→
F0) → (IZ/I
2
Z
d
−→ i∗ZΩM/B) representing a perfect obstruction theory [φ] :
E → τ≥1LZ/B, we define an induced obstruction theory p
∗
M [φ] : p
∗
M [E] →
τ≥1LZ˜/B to be a perfect obstruction theory represented by
(p∗Zφ1, φ
∗
Zφ0 + ρ) : (p
∗
ZF1
(dF ,0)
−−−−→ p∗ZF0 ⊕ F
′
0)→ (IZ˜/I
2
Z˜
d
−→ i∗
Z˜
ΩM˜/B)
where ρ : F ′0 → i
∗
Z˜
ΩM˜/B is a map inducing an isomorphism F
′
0
∼= i∗
Z˜
ΩM˜/M
upon composing with the surjection i∗
Z˜
ΩM˜/B → i
∗
Z˜
ΩM˜/M . Such an obstruc-
tion theory exists if and only if i∗
Z˜
ΩM˜/B → i
∗
Z˜
ΩM˜/M admits a splitting, and
if so, the induced obstruction theories are uniquely determined by a choice
of splitting. If for instance, Z˜ is affine, then i∗
Z˜
ΩM˜/M is a projective object
in QCohGZ and thus an induced obstruction theory exists. We write p
∗
M [φ]
for any obstruction theory induced by [φ].
Lemma 4.4. Suppose we have a closed immersion iZ : Z → M with M in
Sm
G/B. Let M˜ → M be a Jouanolou cover of M and form the Cartesian
square
Z˜
iZ˜
//
pZ

M˜
pM

Z
iZ
// M
Let (E•, [φ]) be a perfect obstruction theory on Z. Then an induced obstruc-
tion theory p∗M [φ] on Z˜ exists and for each induced obstruction theory p
∗
M [φ],
there exists a reduced normalized representative for p∗M [φ].
Proof. Since Z˜ is affine, this follows from the discussion in the preceding
paragraph. 
We return again to the case of a general Z ∈ SchG/B with closed im-
mersion iZ : Z → M , M ∈ Sm
G/B. If φ : F• → (IZ/I
2
Z → i
∗ΩM/B) is a
normalized perfect obstruction theory on Z ⊂ M , the surjection φ1 : F1 →
IZ/I
2
Z induces a closed immersion
iφ : CZ⊂M → F
1 := F∨1 .
Let pF 1 : F
1 → Z be the projection and let s0 : Z → F
1 be the 0-section.
Noting that TF 1/Z ∼= p
∗
F 1F
1, we have the sequence of natural transforma-
tions
πZ!
s0∗−−→ πF 1! ◦Σ
p∗
F1
F 1 ◦p∗F 1
i∗φ
−→ πCZ⊂M ! ◦ i
∗
φ ◦Σ
p∗
F1
F 1 ◦p∗F 1
∼= πCZ⊂M ! ◦p
∗
i ◦Σ
F 1 .
Applying this to Σ−F
1
◦ Σi
∗TM/B (1Z) and composing with
α−1i : πCZ⊂M !(σ
∗
iThM (TM/B))→ C
st
Z
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gives the morphism
(4.1) siφ : πZ!(Σ
−F 1 ◦Σi
∗TM/B (1Z))→ C
st
Z .
Suppose we have a perfect obstruction theory [φ] : E → LZ/B on some
Z ∈ SchG/B. Choose a closed immersion i : Z → M with M ∈ SmG/B
and take a Jouanolou cover
Z˜
iZ˜
//
pZ

M˜
pM

Z
iZ
// M
By Lemma 4.4, we have an induced perfect obstruction theory (E˜•, p
∗
M [φ])
on Z˜ and a reduced normalized representative F˜• for p
∗
M [φ]. The splitting
i∗
Z˜
ΩM˜/B
∼= p∗Zi
∗
ZΩM/B ⊕ i
∗
Z˜
ΩM˜/M
and the quasi-isomorphism F˜• → E˜• induces a quasi-isomorphism
(4.2) (F˜1 → p
∗
Zi
∗
ZΩM/B)→ p
∗
ZE•,
which in turn induces an isomorphism
Σ−F˜
1
◦ Σp
∗
Z i
∗
ZTM/B ◦ p∗Z
∼= p∗Z ◦Σ
E∨• .
This, together with homotopy invariance, induces the isomorphism
ϑiZ ,pZ ,F˜• : πZ! ◦Σ
E∨• → πZ˜! ◦ Σ
−F˜ 1 ◦Σi
∗
Z˜
TM/B ◦ p∗Z
defined as the composition of isomorphisms
πZ! ◦Σ
E∨• ∼= πZ! ◦ pZ# ◦ p
∗
Z ◦ Σ
E∨•
∼= πZ! ◦ pZ# ◦Σ
−F˜ 1 ◦ Σp
∗
Z i
∗
ZTM/B ◦ p∗Z
∼= πZ! ◦ pZ! ◦Σ
TZ˜/Z ◦ Σ−F˜
1
◦ Σp
∗
Zi
∗
ZTM/B ◦ p∗Z
∼= πZ! ◦ pZ! ◦Σ
−F˜ 1 ◦ Σi
∗
Z˜
TM˜/B ◦ p∗Z
∼= πZ˜! ◦Σ
−F˜ 1 ◦ Σi
∗
Z˜
TM˜/B ◦ p∗Z .
Applying this to 1Z gives the isomorphism
(4.3) ϑiZ ,pZ ,F˜• : πZ! ◦Σ
E∨• (1Z)→ πZ˜! ◦ Σ
−F˜ 1 ◦ Σi
∗
Z˜
TM˜/B (1Z˜).
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Lemma 4.5. Let pM : M˜ →M be a Jouanolou cover and let qM : Mˆ → M˜
be a vector bundle. Form the Cartesian diagram
(4.4) Zˆ
pˆZ
""
i
Zˆ
//
qZ

Mˆ
qM

pˆM
}}
Z˜
iZ˜
//
pZ

M˜
pM

Z
iZ
// M
Let [φ] : E• → LZ/B be a perfect obstruction theory, form the induced ob-
struction theories p∗Z [φ] and pˆ
∗
Z [φ], and let φ˜ : F˜• → p
∗
Z [φ], φˆ : Fˆ• → pˆ
∗
Z [φ]
be reduced normalized representatives of p∗Z [φ] and pˆ
∗
Z [φ], respectively. We
have the isomorphisms of Lemma 2.4,
C
st(pM ) : C
st
Z˜
→ CstZ , C
st(pˆM ) : C
st
Zˆ
→ CstZ .
Then
C
st(pM ) ◦ siφ˜ ◦ ϑiZ ,pZ ,F˜• = C
st(pˆM ) ◦ si
φˆ
◦ ϑiZ ,pˆZ ,Fˆ•
Proof. We may assume that Fˆ1 = q
∗
ZF˜1, giving the map of vector bundles
over qZ , qF : Fˆ
1 → F˜ 1, which identifies Fˆ 1 with the vector bundle Zˆ×Z˜ F˜
1 →
F˜ 1, which we denote by qF : V → F˜
1.
The co-unit
qZ#q
∗
Z → IdZ˜
induces the isomorphism
α : pˆZ# ◦ pˆ
∗
Z = pZ# ◦ qZ#q
∗
Z ◦ p
∗
Z → pZ# ◦ p
∗
Z
and the isomorphism
β : πZˆ! ◦ Σ
−Fˆ 1 ◦ Σi
∗
Zˆ
T
Mˆ/B ◦ pˆ∗Z = πZ˜! ◦ Σ
−F˜ 1 ◦Σi
∗
Z˜
TM˜/B ◦ qZ#q
∗
Z p˜
∗
Z
→ πZ˜! ◦ Σ
−F˜ 1 ◦ Σi
∗
Z˜
TM˜/B ◦ p˜∗Z
This gives the commutative diagram
(A)
πZ! ◦ Σ
E∨•
∼
uu❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
∼
))❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙
①①
①①
①①
①①
①①
①
ϑ
iˆZ ,pˆZ,Fˆ•
||①①
①①
①①
①①
①①
❋❋
❋❋
❋❋
❋❋
❋❋
❋
ϑiZ ,pZ,F˜•
""❋
❋❋
❋❋
❋❋
❋❋
❋πZ! ◦ pˆZ# ◦ pˆ
∗
Z ◦ Σ
E∨• α //
≀

πZ! ◦ pZ# ◦ p
∗
Z ◦ Σ
E∨•
≀

πZˆ! ◦ Σ
−Fˆ 1 ◦Σi
∗
Zˆ
T
Mˆ/B ◦ pˆ∗Z
β
// πZ˜! ◦Σ
−F˜ 1 ◦ Σi
∗
Z˜
TM˜/B ◦ p˜∗Z
showing that β ◦ ϑiˆZ ,pˆZ ,Fˆ• = ϑiZ ,pZ ,F˜•.
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Next, let sˆ0 : Z → Fˆ
1, s˜0 : Z → F˜
1 be the 0-sections, and let pFˆ 1 : Fˆ
1 →
Zˆ, pF˜ 1 : F˜
1 → Z˜ be the projections. The map
qF∗ : πFˆ 1! ◦ Σ
q∗FV ◦ q∗F → πF˜ !
induces the map
πFˆ 1! ◦ Σ
q∗FV ◦ q∗F ◦Σ
p∗
F˜1
i∗
Z˜
TM˜/B ◦ p∗
F˜ 1
→ πF˜ 1! ◦ Σ
p∗
F˜1
i∗
Z˜
TM˜/B ◦ p∗
F˜ 1
The exact sequence of vector bundles on Fˆ 1
(4.5) 0→ q∗FV → p
∗
Fˆ 1
i∗
Zˆ
TMˆ/B → q
∗
Fp
∗
F˜ 1
i∗
Z˜
TM˜/B → 0
transforms this map to a morphism
γ : πFˆ 1! ◦ Σ
p∗
Fˆ1
i∗
Zˆ
T
Mˆ/B ◦ (pˆZ ◦ pFˆ 1)
∗ → πF˜ 1! ◦ Σ
p∗
F˜1
i∗
Z˜
TM˜/B ◦ (p˜Z ◦ pF˜ 1)
∗
giving us the diagram
(B) πZˆ! ◦ Σ
−Fˆ 1 ◦Σi
∗
Zˆ
T
Mˆ/B ◦ pˆ∗Z
β
//
sˆ0∗

πZ˜! ◦ Σ
−F˜ 1 ◦ Σi
∗
Z˜
TM˜/B ◦ p˜∗Z
s˜0∗

πFˆ 1! ◦ Σ
p∗
Fˆ1
i∗
Zˆ
T
Mˆ/B ◦ (pˆZ ◦ pFˆ 1)
∗ γ // πF˜ 1! ◦ Σ
p∗
F˜1
i∗
Z˜
TM˜/B ◦ (p˜Z ◦ pF˜ 1)
∗
By Lemma 1.3, the maps sˆ0∗, s˜0∗ are inverses to the maps pFˆ 1∗, pF˜ 1∗, respec-
tively. The commutativity of this diagram thus follows from the functoriality
of smooth pushforward:
qZ∗ ◦ [pFˆ 1∗ ◦ (Σ
p∗
Fˆ
Fˆ 1 ◦ p∗
Fˆ
)] = pF˜ 1∗ ◦ [qF∗ ◦ (Σ
q∗F V ◦ q∗F )].
The cartesian diagram (4.4) gives rise to the cartesian diagram
CZˆ⊂Mˆ
i
φˆ
//
C(qZ)

Fˆ 1
qF

CZ˜⊂M˜ iφ˜
// F˜ 1
The morphism
C(qZ)∗ : πC
Zˆ⊂Mˆ
!Σ
i
φˆ∗
q∗FV C(qZ)
∗ → πCZ˜⊂M˜ !
induces the morphism
πC
Zˆ⊂Mˆ
!Σ
i
φˆ∗
q∗FV ◦ C(qZ)
∗ ◦ p∗iZ˜ ◦Σ
i∗
Z˜
TM˜/B → πCZ˜⊂M˜ ! ◦ p
∗
iZ˜
◦Σi
∗
Z˜
TM˜/B .
Using the exact sequence (4.5) again, this gives the morphism
δ : πC
Zˆ⊂Mˆ
! ◦ Σ
σ∗i
Zˆ
T
Mˆ/B ◦ pˆ∗Z → πCZ˜⊂M˜ ! ◦ Σ
σ∗i
Z˜
TM˜/B ◦ p˜∗Z .
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This gives us the diagram
(C) πFˆ 1! ◦Σ
p∗
Fˆ1
i∗
Zˆ
T
Mˆ/B ◦ (pˆZ ◦ pFˆ 1)
∗ γ //
i∗
φˆ

πF˜ 1! ◦Σ
p∗
F˜1
i∗
Z˜
TM˜/B ◦ (p˜Z ◦ pF˜ 1)
∗
i∗
φ˜

πC
Zˆ⊂Mˆ
! ◦ Σ
σ∗i
Zˆ
T
Mˆ/B ◦ pˆ∗Z δ
// πCZ˜⊂M˜ ! ◦ Σ
σ∗i
Z˜
TM˜/B ◦ p˜∗Z
It follows from the compatibility of proper pull-back with smooth push-
forward in cartesian squares, Lemma 1.4, that this diagram commutes.
Finally, it follows directly from the definitions of the various morphisms
involved that the diagram
(D) Cst
Zˆ
C
st(qM )
//
αi
Zˆ

C
st
Z˜
αi
Z˜

πC
Zˆ⊂Mˆ
!(σ
∗
i
Zˆ
ThMˆ (TMˆ/B)) δ(1Z )
// πCZ˜⊂M˜ !(σ
∗
iZ˜
ThM˜ (TM˜/B))
commutes. Putting together the diagrams (A)(1Z), (B)(1Z), (C)(1Z) and
(D) gives the identity
siφ˜ ◦ ϑiZ ,pZ ,F˜• = C
st(qM ) ◦ si
φˆ
◦ ϑiZ ,pˆZ ,Fˆ• ;
composing on the left with Cst(pM ) and using the functoriality
C
st(pM ) ◦ C
st(qM ) = C
st(pˆM )
completes the proof. 
Definition 4.6. Suppose B is affine, take Z ∈ SchG/B and let [φ] : E• →
LZ/B be a perfect obstruction theory on Z. Choose a closed immersion
iZ : Z → M with M ∈ Sm
G/B. Choose a Jouanolou cover pM : M˜ → M
and let pZ : Z˜ → Z be the pull-back M˜×M Z. Choose a reduced normalized
obstruction theory φ˜ : F˜• → (IZ˜/I
2
Z˜
→ i∗ΩM˜/B) representing p
∗
Z [φ]. Define
the virtual fundamental class
[Z, [φ]]vir ∈ S0,0B (πZ!(Σ
E∨• (1Z)))
by
[Z, [φ]]vir := ϑ∗
iZ ,pZ ,F˜•
s∗iφC
st(pM )
∗[CstZ ].
If we have a monoid E in SHG(B) with unit ǫE, we define
[Z, [φ]]virE := ǫE([Z, [φ]]
vir) ∈ E0,0(πZ!(Σ
E∨• (1Z))).
We need to check that the virtual fundamental class so defined is inde-
pendent of the choices involved.
Lemma 4.7. Suppose B is affine. Given a perfect obstruction theory [φ] :
E• → LZ/B on Z ∈ Sch
G/B, the virtual fundamental class [CZ , [φ]]
vir ∈
S
0,0
B (πZ!(Σ
E∨• (1Z))) is independent of the choice of closed immersion iZ :
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Z → M , the choice of Jouanolou cover M˜ → M , the choice of induced
obstruction theory p∗Z [φ] and the choice of reduced normalized obstruction
theory representing p∗Z [φ].
Proof. Suppose we have fixed a closed immersion iZ : Z → M and a
Jouanolou cover M˜ →M , fix an induced obstruction theory p∗Z [φ], and sup-
pose we have two reduced normalized obstruction theories (F˜•, φ), (F˜
′
•, φ
′)
representing p∗Z [φ]. By lemma 4.3, there is an isomorphism ρ• : F˜• → F˜
′
• of
perfect obstruction theories. In particular, the map ρ1 : F ′1 → F 1 satisfies
ρ1 ◦ iφ′ = iφ. This gives us the commutative diagram
πZ! ◦Σ
E∨• (1Z)
ϑiZ,pZ,F˜•
//
ϑiZ,pZ ,F˜
′
•

πZ˜! ◦ Σ
−F˜ 1 ◦Σi
∗
Z˜
TM˜/B(1Z˜)
siφ

πZ˜! ◦ Σ
−F˜ ′1 ◦ Σi
∗
Z˜
TM˜/B (1Z˜) si
φ′
//
γ(ρ1)
44❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
C
st
Z
where γ(ρ1) is the isomorphism induced by ρ1. This yields the independence
of [CZ , [φ]]
vir on the choice of reduced normalized obstruction theory repre-
senting p∗Z [φ]. The choice of the induced obstruction theory p
∗
Z [φ] involves
only a choice of a splitting to the surjection π : i∗
Z˜
ΩM˜/B → i
∗
Z˜
ΩM˜/M . If
we have two splittings s, s′, giving induced obstruction theories p∗Z [φ] and
p∗Z [φ]
′, we have reduced normalized obstruction theories F˜• and F˜
′
• represent-
ing p∗Z [φ] and p
∗
Z [φ]
′, respectively. There is then a splitting of the pull-back
of π over Z˜ × A1, restricting to s at 0 and s′ at 1, which will give an A1
homotopy between siφ ◦ ϑiZ ,pZ ,F˜• and siφ′ ◦ ϑiZ ,pZ ,F˜ ′• .
To show the independence on the choice of Jouanolou cover pM : M˜ →M
over a fixed closed immersion iZ : Z → M we may assume that we are
comparing one cover pM : M˜ →M with a second cover pˆM : Mˆ →M which
factors as
Mˆ
qM−−→ M˜
pM−−→M
with qM : Mˆ → M˜ a vector bundle over M˜ . The independence here follows
from Lemma 4.5.
Finally, suppose we have a smooth morphism q : N → M and a closed
immersion i′Z : Z → N with q ◦ i
′
Z = iZ . We may suppose that M is
affine; if we take a Jouanolou cover N˜ → N , then as Z is affine, the cover
admits a section over Z, so we may assume that N is also affine. With what
we have already proven, we may take a reduced normalized representative
φ : F• → (Ii(Z)/I
2
i(Z) → i
∗
ZΩM/B for [φ]. This gives the reduced normalized
representative for q∗[φ]
F ′• := (F1⊕ i
′∗ΩN/M
q∗dF⊕σ−−−−−→ i′∗ΩN/B)
(q∗φ1+ρ,Id)
−−−−−−−→ (Ii′(Z)/I
2
i′(Z)
d
−→ i′∗ΩN/B);
here
ρ : i′∗ΩN/M → Ii′(Z)/I
2
i′(Z)
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is a map such that σ := d ◦ ρ : i′∗ΩN/M → i
′∗ΩN/B is a splitting to the
surjection i′∗ΩN/B →: i
′∗ΩN/M .
In this case, we have the Cartesian diagram
CZ⊂N
C(q)

iφ′
// F 1 ⊕ i′∗TN/M
p1

CZ⊂M
iφ
// F 1
identifying CZ⊂N with the bundle
σ∗i′TN/M = CZ⊂M ×Z i
′∗TN/M
over CZ⊂M and iφ′ with iφ × Id.
We have the isomorphism
ψq : πCZ⊂N !(σ
∗
i′ThN (TN/B))→ πCZ⊂M !(σ
∗
iThM (TM/B)).
Represent the fundamental class [CstZ ] as a morphism
ζZ⊂M : πCZ⊂M !σ
∗
iThM (TM/B)→ SB
and also as a morphism
ζZ⊂N : πCZ⊂N !(σ
∗
i′ThN (TN/B)→ SB.
By Lemma 2.1 and Lemma 3.1, the diagram
C
st
Z
αi
∼
//
αi′ ≀

πCZ⊂M !σ
∗
iThM (TM/B))
ψq
tt✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐
ζZ⊂M

πCZ⊂N !(σ
∗
i′ThN (TN/B)) ζZ⊂N
// SB
commutes.
We unpack the definition of the isomorphism ψq. By definition, ψq :=
C(q)∗(σ
∗
iThM (TM/B)) ◦ θ where θ is the isomorphism
πCZ⊂N !(σ
∗
i′ThN (TN/B))
∼= πCZ⊂N !(Σ
TCZ⊂N/CZ⊂M C(q)∗σ∗iThM (TM/B))
induced by the exact sequence
(4.6) 0→ TN/M → TN/B → q
∗TM/B → 0
and the isomorphism σ∗i′TN/M
∼= TCZ⊂N/CZ⊂M . Putting in the definition
of the map C(q)∗(σ
∗
iThM (TM/B)), this gives the description of ψq as the
composition
πCZ⊂N !(σ
∗
i′ThN (TN/B))
θ
−→ πCZ⊂N !(Σ
TCZ⊂N/CZ⊂M C(q)∗σ∗iThM (TM/B))
∼= πCZ⊂M ! ◦ (C(q)#C(q)
∗)(σ∗iThM (TM/B))
eC(q)
−−−→ πCZ⊂M !(σ
∗
iThM (TM/B))
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Via the identification
πCZ⊂N !(σ
∗
i′ThN (TN/B)) ∼
θ
// πCZ⊂M ! ◦ (C(q)#C(q)
∗)(σ∗i ThM (TM/B)),
the identity ζZ⊂N = ζZ⊂M ◦ ψq shows that we may then identify ζZ⊂N as
the composition
πCZ⊂M ! ◦ (C(q)#C(q)
∗)(σ∗i ThM (TM/B))
eq
−→ πCZ⊂M !(σ
∗
iThM (TM/B))
ζZ⊂M
−−−−→ SB.
We have an isomorphism, defined similarly to the isomorphism θ,
πF ′1!(p
∗
F ′1i
′∗ThN (TN/B)) ∼= πF ′1!(p1#p
∗
1p
∗
F 1i
∗ThM (TM/B)),
and an isomorphism
πZ!(Σ
−F ′1 ◦Σi
′∗TN/B (1Z))
θ′
∼
// πZ!(Σ
−F 1 ◦Σi
∗TM/B (1Z))
induced by the exact sequence (4.6) and the identity F ′1 ∼= F 1 ⊕ i′∗TN/M .
Via these identifications, we have the diagram
πZ!(Σ
−F ′1 ◦Σi
′∗TN/B (1Z))
θ′
∼
//
s′0∗

πZ!(Σ
−F 1 ◦ Σi
∗TM/B (1Z))
s0∗

πF 1!p1#p
∗
1i
∗ThM (TM/B)
ep1
//
i∗
φ′

πF 1!i
∗ThM (TM/B)
i∗φ

πCZ⊂M !(C(q)#C(q)
∗)(σ∗i ThM (TM/B))
eq
// πCZ⊂M !(σ
∗
iThM (TM/B)).
As for the proof of the commutativity of diagram (B) in Lemma 4.5, the top
square commutes by the functoriality of smooth pushforward. The bottom
square commutes by the commutativity of smooth pushforward with proper
pullback, Lemma 1.4.
The fact that sending E• to Σ
E∨• arises from a functor
Σ(−) : DperfG,iso(Y )→ Aut(SH
G(Y ))
gives us the commutative diagram of isomorphisms
πZ! ◦ Σ
E∨• (1Z)
ϑiZ ,IdM,F•
vv♠♠
♠♠
♠♠
♠♠
♠♠
♠♠ ϑi′
Z
,IdN,F
′
•
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
πZ!(Σ
−F ′1 ◦Σi
′∗TN/B (1Z))
∼
θ′
// πZ!(Σ
−F 1 ◦Σi
∗TM/B (1Z))
Putting these two diagrams together gives the identity
ζZ⊂M ◦ sφi ◦ ϑiZ ,IdM ,F• = ζZ⊂N ◦ sφi′ ◦ ϑi′Z ,IdN ,F ′• ,
which completes the proof. 
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5. Comparisons and examples
We relate our constructions to the classical construction of [3] in case of
motivic cohomology/Chow groups, or more generally the case of an oriented
theory, for example, K-theory or algebraic cobordism. For simplicity, we
assume that G = {Id}.
5.1. Oriented theories. Let E be an oriented commutative ring spectrum
in SH(B). This gives us Thom isomorphisms: for V → X a rank r vector
bundle on X ∈ Sm/B, with X of pure dimension dX over B and for α ∈
SHG(X), we have natural isomorphisms
Ea,b(πX!(Σ
V α)) ∼= Ea−2r,b+r(πX!(α)) ∼= E
a−2r+2dX ,b−r+dX (πX#(α)).
This extends to arbitrary perfect complexes E• ∈ D
perf(X), with r the
virtual rank of E•.
One can define the Borel-Moore E-homology for an B-scheme Z with a
closed immersion i : Z →M , M smooth over B of dimension dM by
EB.M.a,b (Z) := E
2dM−a,dM−b(M/M \ Z).
This may be interpreted as the E-cohomology of the Borel-Moore motive
Z/BB.M. := πZ!(1Z), noting that
πZ!(1Z) ∼= πM !(i∗(1Z))
∼= πM#(Σ
−TM/B (M/M \ Z))
which gives the isomorphism
E−a,−b(Z/BB.M.) ∼= E
2dM−a,dM−b(M/M \ Z) = EB.M.a,b (Z).
Thus EB.M.a,b (Z) is well-defined, independent of the choice of closed immersion.
In particular, we have, for i : Z → M a closed immersion in smooth
dimension dM B-scheme
Ea,b(CstZ )
∼= Ea−2dM ,b−dM (iCZ⊂M !(1CZ⊂M )) = E
B.M.
2dM−a,dM−b(CZ⊂M ),
and for E• ∈ D
perf(Z), we have
Ea,b(πZ!(Σ
E∨• (1Z))) ∼= E
a−2r,b−r(πZ!(1Z)) = E
B.M.
2r−a,r−b(Z),
where r is the rank of E•.
Noting that CZ⊂M has pure dimension dC = dM over B, the fundamental
class [CstZ ]E is thus an element of E
0,0(CstZ )
∼= EB.M.2dC,dC(CZ⊂M) and the vir-
tual fundamental class [Z, [φ]]virE associated to a perfect obstruction theory
(E•, [φ]) of virtual rank r lives in E
0,0(πZ!(Σ
E∨• (1Z))) = E
B.M.
2r,r (Z).
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5.2. Fundamental classes. Let E be an oriented theory. Suppose we have
an integral B-scheme D and a principal effective Cartier divisor C on D
such that D \ C is smooth over B. Suppose we have a codimension c closed
immersion i : D → V with V smooth over B and that C has pure dimension
dC over B. Let t ∈ Γ(D,OD) be a generator for IC. The map t : D\C→ Gm
determines an element
[t] ∈ E1,1(D \ C) ∼= E
2c+1,c+1
D\C (V \ C) = E
B.M.
2dC+1,dC
(D \ C)
We have the localization sequence
. . .→ EB.M.2dC+1,dC(D \ C)
∂
−→ EB.M.2dC,dC(C)
iC∗−−→ EB.M.2dC,dC(D)→ . . .
and we have the fundamental class [C] ∈ EB.M.2dC,dC(C) defined by [C] := ∂[t].
This class is independent of the choice of defining equation t.
Example 5.1. Take B = Speck, and Z ∈ Sch/B. For E = HZ, the ring
spectrum representing motivic cohomology, HZB.M.2d,d (Z) is the classical Chow
group CHd(Z). For E = KGL, the ring spectrum representing Quillen K-
theory, KGLB.M.2d,d (Z) = G0(Z), the Grothendieck group of coherent sheaves
on Z. For E = MGL, the ring spectrum representing Voevodsky’s algebraic
cobordism, and k a field of characteristic zero, MGLB.M.2d,d = Ωd(Z), the
algebraic cobordism of [9].
For E = HZ, the fundamental class [C]HZ ∈ E
B.M.
2dC,dC
(C) is the cycle class
associated to the scheme C. For E = KGL, [C]KGL is the class in G0(C)
of the structure sheaf OC. For E = MGL, [C]MGL is the class associated
to the pseudo-divisor div[t] on D, applied to any resolution of singularities
f : D˜ → D
[C]MGL = f∗(divD˜(f
∗t)).
For any oriented theory E , the fundamental class [CZ⊂M ]E as defined in §3
agrees with the definition given here. The construction of the fundamental
class of CZ⊂M by this method was described to the author of this paper by
Parker Lowrey.
5.3. Pushforward and intersection with the 0-section. Let p : Y → X
be a projective map in Sch/B. For an oriented theory, the pushforward map
p∗ : E
−a,−b(πY !(1Y ))→ E
−a,−b(πX!(1X))
induced by p∗ : πX!(1X)→ πY !(1Y ) translates to
p∗ : E
B.M.
a,b (Y )→ E
B.M.
a,b (X).
Suppose we have a rank r vector bundle f : V → Z with a section
s : Z → V . The maps
f∗ : E−a,−b(πW !(1W ))→ E
−a,−b(πZ!Σ
TV/Z (1Z))
s∗ : E−a,−b(πZ!Σ
TV/Z (1Z))→ E
−a,−b(πW !(1W ))
induced by f∗, s∗, respectively, translated to
f∗ : EB.M.a,b (W )→ E
B.M.
a+2r,b+r(V )
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s∗ : EB.M.a+2r,b+r(V )→ E
B.M.
a,b (W )
with s∗ = (f∗)−1, by Lemma 1.3. f∗ is the usual pull-back for the smooth
morphism f and s∗ is thus the classical “intersection with the 0-section”
defined as the inverse of f∗.
Remark 5.2. Suppose we have a closed immersion i : Z →֒ M with M
smooth of dimension dM over S. The intrinsic normal cone CZ , as de-
fined by Behrend-Fantechi, is the quotient stack [CZ⊂M/i
∗TM/B ]. They
also define the normal sheaf NZ⊂M := SpecOZSym
∗IZ/I
2
Z ; the surjec-
tion Sym∗IZ/I
2
Z → ⊕nI
n
Z/I
n+1
Z defines the closed immersion CZ⊂M →֒
NZ⊂M . This induces the closed immersion of quotient stacks CZ →֒ NZ :=
[NZ⊂M/i
∗TM/B ].
Suppose we have a perfect obstruction theory [φ] of virtual rank r on
i : Z →֒ M , with global resolution (F1 → F0)
φ•
−→ (IZ/I
2
Z → i
∗ΩM/B). We
may assume that (F•, φ) is normalized. The assumption that φ is a perfect
obstruction theory implies that φ induces closed immersions
CZ →֒ NZ →֒ [F
1/F 0].
Let C(F•) ⊂ N (F•) ⊂ F
1 be the pullback of this sequence of closed immer-
sions by the quotient map F 1 → [F 1/F 0].
One can describe N (F•) explicitly as follows: We have the commutative
diagram
F1
dF
//
φ1

F0
φ0

IZ/I
2
Z d
// i∗ΩM/B
Let F := IZ/I
2
Z ×i∗ΩM/B F0. The map (φ1, dF ) gives a surjection φN : F1 →
F ; N (F•) is the closed subscheme SpecOZSym
∗F of F 1 = SpecOZSym
∗F1.
The virtual fundamental class [Z, [φ]]virBF as defined by Behrend-Fantechi
is the element of CHr(Z) given by
[Z, [φ]]virBF := s
∗
0([C(F•)]).
Suppose that we have a Jouanolou cover pM : M˜ → M , with pull-back
pZ : Z˜ → Z. The perfect obstruction theory p
∗
Z(F•)→ (IZ˜/I
2
Z˜
→ i∗
Z˜
ΩM˜/B)
is defined, since Z˜ is affine.
Writing (F˜1 → F˜0) := p
∗
Z(F•), we have F˜1 = p
∗
ZF1 and F˜0 = p
∗
ZF0⊕ΩZ˜/Z .
Thus, we have the isomorphism of quotients of F˜1
F˜ := IZ˜/I
2
Z˜
×i∗
Z˜
ΩM˜/B)
F˜0 ∼= p
∗
ZF
which shows that N (F˜•) ⊂ F˜
1 is equal to p∗ZN (F•). Thus
C(F˜•) = p
∗
ZC(F•) ⊂ p
∗
ZF
1 = F˜ 1,
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which implies that
p∗Z([Z, [φ]]
vir
BF ) = [Z˜, p
∗
Z [φ]]
vir
BF
in CHr+d(Z˜), where d is the rank of ΩZ˜/Z .
Since pZ : Z˜ → Z induces an isomorphism
p∗Z : CHr(Z)→ CHr+d(Z˜),
we may assume that Z is affine for the purpose of comparing our construction
of virtual fundamental classes with that of Behrend-Fantechi.
Assuming then that Z is affine, with a closed immersion i : Z →M into a
smooth affine B-scheme M , we may take a reduced normalized representa-
tive (F1 → F0)→ (IZ/I
2
Z → i
∗ΩM/B) of a given rank r perfect obstruction
theory [φ]. In this case, we have C(F•) = CZ⊂M ⊂ F
1, and dC = r0. We have
already identified our construction of the fundamental class [CZ⊂M ]HZ with
the cycle class [CZ⊂M ] ∈ CHr0(CZ⊂M ); we have also identified the push-
forward map iC∗ : CHr0(CZ⊂M ) → CHr0(F
1) and the intersection with the
0-section s∗0 : CHr0(F
1) → CHr0−r1(Z), as defined here, with the classical
ones. This gives the identity of virtual fundamental classes
[Z, [φ]]virBF = [Z, [φ]]
vir
in CHr(Z).
Of course, the Behrend-Fantechi theory is defined for perfect obstruction
theories on Deligne-Mumford stacks, whereas the theory presented here is
limited to quasi-projective B-schemes for affine B.
5.4. GW invariants and descendents. If [φ] is a virtual rank zero perfect
obstruction theory on some Z ∈ Sch/B, and E is an oriented ring spectrum
in SH(B), the virtual fundamental class lives in EB.M.0,0 (Z) = E
0,0(πZ!(1Z)).
If πZ : Z → B is proper, we have the pushforward map in E-cohomology
πZ∗ : E
B.M.
a,b (Z)→ E
B.M.
a,b (B) = E
−a,−b(B),
induced by the map π∗Z : 1B → πZ!(1Z), giving the GW-invariant
degE([Z, [φ]]
vir) := πZ∗([Z, [φ]]
vir) ∈ E0,0(B).
This is the classical “degree of the virtual fundamental class” in case E =
HZ. For more general theories, we may have non-zero invariants for perfect
obstruction theories of non-zero ranks which give rise to non-zero degrees:
degE([Z, [φ]]
vir) := πZ∗([Z, [φ]]
vir) ∈ EB.M.2r,r (B) = E
−2r,−r(B)
for [φ] of virtual rank r.
If we have a morphism f : Z → W , one can twist [Z, [φ]]vir by classes
coming fromW ; if Z is proper over B, pushing forward gives the descendent
classes in EB.M.∗,∗ (B).
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5.5. SL-oriented theories. We now consider theories E which are not
oriented in the sense of the previous section, but are rather SL-oriented.
This means that, given a perfect complex of virtual rank r, E•, on some
Z ∈ SchZ , together with an isomorphism α : detE• → M
⊗2 for some line
bundle M on Z, there is an isomorphism
λα,M : π
∗
ZE ∧Σ
E•(1Z)→ Σ
rank(E•)
T E
This implies that, if β : V → V is an automorphism of a vector bundle
V → Z, the induced map
IdE ∧Th(β) : π
∗
ZE ∧ Σ
V → π∗ZE ∧Σ
V
induces multiplication by the automorphism 〈det β〉 ∈ π0,0(SZ).
Suppose we have a rank r perfect obstruction theory ([φ], E•) on some
Z ∈ Sch/B, projective over B. The virtual fundamental class [Z, [φ]]vir
lives in E0,0(πZ!(Σ
E•(1Z))). Given an isomorphism
α : detE• →M
⊗2
for some line bundle M on Z, we have the isomorphism
λα : E
0,0(πZ!(Σ
E•(1Z)))→ E
B.M.
2r,r (Z)
so we may push λα([Z, [φ]
vir) forward to give
degE([Z, [φ]
vir, α) := πZ∗(λα([Z, [φ]
vir)) ∈ E−2r,−r(B) = EB.M.2r,r (B).
Example 5.3. We take B = Speck, k a perfect field, G = {Id} and E =
H0(Sk). H0(Sk) represents the theory of Milnor-Witt K-theory: for X ∈
Sm/k, there is a canonical isomorphism
H0(Sk)
a+b,b(X) ∼= HaNis(X,K
MW
b )
and more generally, for E• ∈ D
perf(X),
H0(Sk)
a+b,b(πX#Σ
E•(1X)) ∼= H
a
Nis(X,K
MW
b (detE•)).
This generalizes to
H0(Sk)
B.M.
2n,n (πZ!Σ
E•(1Z)) ∼= C˜Hn(Z,detE•).
for Z ∈ Schk, E• ∈ D
perf(Z).
For i : Z →֒ M , M smooth of dimension dM over k, and (φ,E•) a rank
r perfect obstruction theory, this gives us the fundamental class and virtual
fundamental class
[CstZ ] ∈ C˜HdM (CZ⊂M , σ
∗
i ωM/k)
[Z, [φ]]vir ∈ C˜Hr(Z,detE•).
Thus, if we have a rank 0 perfect obstruction theory ([φ], E•) on some
Z ∈ Schk, projective over k, and an isomorphism α : detE
∨
• → M
⊗2 for
some line bundle M on Z, we have
degH0(Sk)([Z, [φ]
vir, α) := πZ∗(λα([Z, [φ]
vir)) ∈ KMW0 (k) = GW(k).
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Here GW(k) is the Grothendieck-Witt group of non-degenerate quadratic
forms over k.
More generally, if E• has virtual rank r, we have the canonical isomor-
phism
H0(Sk)
0,0(πZ!(Σ
E∨• 1Z)) ∼= H0(Sk)
−2r,−r(πZ!Σ
detE∨• −OZ1Z).
Thus, if we have a morphism f : Z → W , a line bundle L on W , a line
bundle M on Z and an isomorphism
α : detE∨• ⊗ f
∗L→M⊗2
then a class
β ∈ H0(Sk)
2r+s,r+s(πW#Σ
L−OW 1W ) = H
r(W,KMWr+s (L))
gives
[Z, [φ]vir] ∪ f∗β ∈ H0(Sk)
s,s(πZ!Σ
detE∨• ⊗f
∗L−OZ (1Z))
and we can define the descendant class
degsH0(Sk)([Z, [φ]
vir] ∪ f∗β, α) := πZ∗(λα([Z, [φ]
vir] ∪ f∗β, α))
∈ H0(Sk)
s,s(Sk) = K
MW
s (k).
There is a universal SL-oriented theory, MSL, with MSLn the Thom space
of the universal bundle E˜n → BSLn. Just as for MGLn, MSL
−2r,−r
n (k)
is non-zero for all r ≥ 0, so we have a non-trivial target for the degree
map for perfect obstruction theories of all non-negative ranks, but having a
trivialized determinant bundle (up to a square).
References
[1] J. Ayoub, Les six ope´rations de Grothendieck et le formalisme des cycles
e´vanescents dans le monde motivique. I. Aste´risque No. 314 (2007), x+466 pp.
(2008).
[2] J. Barge and F. Morel, Groupe de Chow des cycles oriente´s et classe d’Euler des fibre´s
vectoriels. C. R. Acad. Sci. Paris Se´r. I Math. 330 (2000), no. 4, 287–290.
[3] K. Behrend and B. Fantechi, The intrinsic normal cone. Invent. Math. 128 (1997),
no. 1, 4588.
[4] D.-C. Cisinski and F. De´glise, Triangulated cate-
gories of mixed motives, preprint 2012 (version 3),
\protect\vrule width0pt\protect\href{http://arxiv.org/abs/0912.2110}{arXiv:0912.2110}v3 [math.AG].
[5] J. Fasel, Groupes de Chow-Witt. Me´m. Soc. Math. Fr. (N.S.), 113.
[6] M. Hoyois, The six operations in equivariant motivic homotopy theory.
\protect\vrule width0pt\protect\href{http://arxiv.org/abs/1509.02145}{arXiv:1509.02145}
to appear in Adv. Math.
[7] J. F. Jardine, Motivic symmetric spectra. Doc. Math. 5 (2000), 445–553.
[8] M. Levine, Fundamental classes in algebraic cobordism. Special issue in honor of
Hyman Bass on his seventieth birthday. Part II. K-Theory 30 (2003), no. 2, 129–135.
[9] M. Levine and F. Morel, Algebraic cobordism. Springer Monographs in Mathe-
matics. Springer, Berlin, 2007.
[10] P. Lowrey, T. Schu¨rg, Derived algebraic cobordism J. Inst. Math. Jussieu 15 (2016),
no. 2, 407–443.
THE INTRINSIC STABLE NORMAL CONE 39
[11] F. Morel, A1-algebraic topology over a field. Lecture Notes in Mathematics, 2052.
Springer, Heidelberg, 2012.
[12] F. Morel, V. Voevodsky, A1-homotopy theory of schemes. Publ. Math. IHES 90 (1999)
45–143.
[13] J. Riou, Algebraic K-theory, A1-homotopy and Riemann-Roch theorems. J. Topol. 3
(2010), no. 2, 229–264.
[14] V. Voeodsky, A1-homotopy theory. Proceedings of the International Congress of Math-
ematicians, Vol. I (Berlin, 1998). Doc. Math. 1998, Extra Vol. I, 579–604.
